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Rip cosmological models have been investigated in the framework of f(T, T ) theory of gravity,
where T denotes the torsion and T is the trace of the energy-momentum tensor. These phantom
cosmological models revealed that at initial epoch a EoS parameter ω < −1 and tends asymptotically
at late phase to −1 (ω → −1). On the other hand, Wormhole Solutions and Big Trip have been
subject of an investigation. The wormhole throat radius R(t) and the conditions to be satisfied so
that produces the Big Trip phenomenon have been discussed.
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I. INTRODUCTION
Some irrefutable results such as [1–6] show that the universe our universe is experiencing an accelerated expansion.
A possible candidate responsible for this current behavior of the universe is a mysterious energy with negative pressure
which the origin and nature always stay unelucidated. One of the approaches to better understand this mysterious
energy is to modify the gravity. For this purpose, several modified theories of gravitation such as f(R) gravity,
f(T) gravity, f(R, T ) garvity have been proposed from time to time. Similarly, starting from Tele-parallel Theory
equivalent of GR (TEGR) but not from GTR, one can consider the matter-coupled modified gravity theory. One of
such theories, namely f(T, T ) gravity, has been first proposed by Harko et al[7]. In this modified theory the part of the
gravitational Lagrangian is taken as an arbitrary function of torsion scalar T and the trace of the energy-momentum
tensor T . Comparing with the other theories based on the formalism of curvature or torsion, f(T, T ) seems to be a
completely different modification for describing the gravity.
Wormholes (WHs) are tunnels or passages that connect two different regions of space-time (or even two distinct
universes). They have been firstly proposed as a tool for teaching General Relativity (GR) [8]. Observational evidences
for such a GR solution have been searched [9]-[15] and make optimistic the possibility of soon confirming the existence
of WHs. Moreover, the existence of binary systems containing a WH and a (neutron) star has also been proposed
[16, 17].
GR WHs are expected to be filled by exotic matter, that is, matter that does not respect the energy conditions
[8, 18], and may present negative mass (density). An alternative to obtain WH solutions in accordance with the
energy conditions is to search for Morris-Thorne metric [8] solutions in extended theories of gravity.
Extended theories of gravity are firstly motivated by the lack of theoretical explanation for some
observational/experimental effects attained when considering GR as the underlying theory of gravity, such as dark
energy [19], dark matter [20, 21], missing satellites [22, 23], massive pulsars [24, 25], super-Chandrasekhar white
dwarfs [26, 27], hierarchy problem [28, 29], among others. Attempts to solve or evade these shortcomings have been
developed in different gravitational theories, as one can check Refs.[28]-[36].
Indeed, WHs with non-exotic matter have already been obtained in a multimetric repulsive gravity model [37], in
higher-order curvature gravity [38] and in a trace of the energy-momentum tensor squared gravity [39], for instance.
The difficulty in constructing non-exotic matter WHs have led some authors to obtain WHs with arbitrarily small
quantities of exotic matter [40]. WHs particularly satisfying the weak and null energy conditions (WEC and NEC)
were obtained, respectively, in [41, 42] and [43, 44].
Our intention in the present article is to investigate some Rip cosmological models without any finite time future
singularity in the framework of f(T, T ) theory of gravity, where T denotes the torsion and T is the trace of the
energy-momentum tensor. It will be question in the first sectionII, a brief review of the f(T, T ) theory of gravity. In
sectionIII, we will discuss the physical parameters where anisotropic and isotropic cases will be addressed. We present
in the sectionIV, the four different phantom models and Wormhole Solutions and Big Trip will be discussed in the
sectionV where the wormhole throat radius, the Big Trip time and the conditions to be satisfied so that the Big Trip
phenomenon occurs will presented. SectionVI is devoted to a summary and conclusion.
II. A BRIEF REVIEW OF THE f(T, T ) THEORY OF GRAVITY
In GR framework, the metric contains the gravitational potentials responsible for the curvature of space-time. Those
potentials can also be represented by the torsion tensor, as in the teleparallel gravity framework (check, for instance,
[51]).
The extension of teleparallel gravity is attained when the scalar torsion of teleparallel action is substituted by an
arbitrary function of it, namely f(T ) [52]-[56]. As it is done in teleparallel gravity, the extended versions are also
described by the orthonormal tetrads, and their components are defined on the tangent space of each point of the
manifold.
In these theories, the line element is written as
ds2 = gµνdx
µdxν = ηijθ
iθj , (1)
3such that
dxµ = e µi θ
i; θi = ei µdx
µ, (2)
with ηij = diag(1,−1,−1,−1) being the Minkowskian metric and {e
i
µ} are the components of the tetrad, which
satisfy the following identity:
e µi e
i
ν = δ
µ
ν , e
i
µ e
µ
j = δ
i
j . (3)
In GR, one assumes the Levi-Civita’s connection,
Γ˚ρµν =
1
2
gρσ (∂νgσµ + ∂µgσν − ∂σgµν) , (4)
which preserves the curvature whereas the torsion vanishes. In the teleparallel theory and its extended versions, one
keeps the scalar torsion by using the Weitzenbo¨ck’s connection, defined as:
Γλµν = e
λ
i ∂µe
i
ν = −e
i
µ∂νe
λ
i . (5)
From the above connection, one obtains the geometric objects of the formalism. The torsion is defined by
T λµν = Γ
λ
µν − Γ
λ
νµ, (6)
from which we define the contorsion as
Kλµν ≡ Γ
λ
µν − Γ˚
λ
µν =
1
2
(Tµ
λ
ν + Tν
λ
µ − T
λ
µν). (7)
Then, we can write
Kµνλ = −
1
2
(T µνλ − T
νµ
λ + T
νµ
λ ) . (8)
The torsion and contorsion tensors are used to define another tensor, as
S µνλ =
1
2
(Kµνλ + δ
µ
λT
αν
α − δ
ν
λT
αµ
α) , (9)
such that the torsion scalar can be constructed from torsion and contorsion as
T = Sµνσ T
σ
µν . (10)
In the present article, we will consider an extension of the f(T ) theories which also considers terms proportional to
the trace of the energy-momentum tensor T in the action, namely, the f(T, T ) theory [7]. The f(T, T ) theory action,
for geometrized units, which shall be assumed throughout this work, can be written as
S =
∫
d4x e
[
T + f(T, T )
16pi
+ Lm
]
, (11)
with Lm being the matter lagrangian.
Varying the action with respect to the tetrad, one obtains the equations of motion [7]
[∂ξ(ee
ρ
aS
σξ
ρ )− ee
λ
aS
ρξσTρξλ](1 + fT ) + ee
ρ
a(∂ξT )S
σξ
ρ fTT +
1
4
eeσaT
= −
1
4
eeσaf(T )− ee
ρ
a(∂ξT )S
σξ
ρ fTT +
fT
2
(e T σa + ee
σ
a p) + 4pi e T
σ
a , (12)
with fT = ∂f/∂T , fT = ∂f/∂T , fTT = ∂
2f/∂T∂T , fTT = ∂
2f/∂T 2, T σa is the energy-momentum tensor of the
matter field and p its pressure.
4By using some transformations, we can establish the following relations:
eaνe
−1∂ξ(ee
ρ
aS
σξ
ρ )− S
ρξσTρξν = −∇
ξS σνξ − S
ξρσKρξν , (13)
Gµν −
1
2
gµν T = −∇
ρSνρµ − S
σρ
µKρσν , (14)
with Gµν being the Einstein tensor.
Hence, from the combination of Eqs.(13) and (14), the field equations (12) can be written as
Gµν = κT T
eff
µν , (15)
where
κT =
2
(1 + fT )
, (16)
and
T effµν = −S
ρ
µν fTT ∂ρT − S
ρ
µν fTT ∂ρT −
1
4
gµνf +
1
4
T gµν fT
+
fT
2
(Tµν + gµν p) + 4piTµν . (17)
This additive term represents the effective energy-momentum tensor and comes from a minimal coupling with matter.
This quantity will vanish ds qu’on aurait supprimer la contribution de T from algebric function f(T, T ). In other
words, this type of coupling (matter-geometry) will generate an additional field that will be perceived as responsible
for the acceleration of the universe. Consequently, we observe the non conservation of the energy impulse tensor. In
order to develop viable cosmological models in according to observational data, an appropriate choice is required.
In the current work, we are focused to study some little rip cosmological models in the extended teleparallel gravity
and for this purpose we user a algebraic function according to observational data [7] f (T, T ) = αT n T − 2Λ, where
α, n = 0 and Λ are arbitrary constants. Thus, the equations (15) and (16) yields to
Gµν = κT T
eff
µν , (18)
where
T effµν = gµν
(
−
α T − 2Λ
4
+
αp
2
)
+ Tµν
(α
2
+ 4pi
)
. (19)
For α = 0, the usual known in the literature ΛCDM model is recovered. We consider the anisotropic metric known
as Locally Rotationally Symmetric Bianchi Type-I model
ds2 = dt2 −A2dx2 − B2(dy2 + dz2), (20)
where A = A(t) and B = B(t) are cosmic scale factors. Note that the flat FRW model is recovered by setting
A(t) = B(t) = a(t)
In the present investigation, we assume the content of the universe is a cloud of one dimensional cosmic strings
with string tension density ξ flowing along x-axis.
Thus, the energy-momentum tensor presents itself as following
Tµν = (p+ ρ)uµuν − pgµν − ξxµxν , (21)
with
uµuµ = −x
µxµ = 1 (22)
and
uµxµ = 0. (23)
5Thus, we can consider ρ as being the contribution of particle energy density ρp and string tension density ξ. Note
that the contribution of string tension density ξ is vanished when by setting A(t) = B(t).
The field equations reads
6(k + 2)H˙ + 27H2 = (k + 2)2 κT
{
(−
α T − 2Λ
4
+
α p
2
) + (−p+ ξ) (
α
2
+ 4pi)
}
, (24)
3(k2 + 3k + 2)H˙ + 9(k2 + k + 1)H2 = (k + 2)2 κT
{(
−
α T − 2Λ
4
+
αp
2
)
− p
(α
2
+ 4pi
)}
, (25)
9(2k + 1)H2 = (k + 2)2κT
{(
−
α T − 2Λ
4
+
αp
2
)
+ ρ
(α
2
+ 4pi
)}
. (26)
where
T = −2
(
2
A˙B˙
AB
+
B˙2
B2
)
(27)
T = ρ+ ξ − 2p (28)
The parameter k provides information about the anisotropic behaviour of the model in the time. Note that by
considering the isotropic model is recovered. In order to investigate on the isotropization phenomenon, we define the
Hubble parameters in the direction of [x, y, z]
Hx =
A˙
A
, Hy =
B˙
B
, Hz =
B˙
B
. (29)
The generalized mean Hubble parameter H is given in the form
H =
1
3
V˙
V
=
1
3
(
A˙
A
+
B˙
B
+
B˙
B
)
, (30)
where
V = A B2 = a3 , (31)
is the spatial volume of the universe and a is the scale factor of the universe. The rate of expansion will evaluated by
anisotropy parameter given as
∆ =
1
3
3∑
i=1
(
Hi −H
H
)2
, (32)
where i = ( x y z ).
Other parameters such that expansion scalar, deceleration parameter and Jerk parameter whose enter online in the
processus of isotropization are defined respectively as
Expansion scalar: θ = ul;l =
(
A˙
A
+ 2
B˙
B
)
, (33)
Deceleration parameter: q = −1 +
d
dt
(
1
H
)
, (34)
Jerk parameter: j =
...
a
aH3
=
H¨
H3
− (2 + 3q). (35)
III. PHYSICAL PARAMETERS
Current data show us that the Universe is supposed to be homogeneous and isotropic at large scales this is not the
case when a local analysis is done. In such a situation, the anisotropic effects can not be explained by making use of
the usual flat FRW model. In the paper, the parameter k express this anisotropic universe and we can note that a
flat FRW model is recovered when k = 1.
6A. Anisotropic case
In indor to explain the phenomenon of isotropization we can establish respectively some Physical parameters such as
pressure, energy density and string tension density from the field equations (24)-(26) dependent of Hubble parameter
and anisotropic parameter k
P =
9H2
(
−16
(
1 + k + k2
)
pi + (−3 + (−1 + k)k)α
)
+ (2 + k)2(16pi + α)Λ − 3(2 + k)(16(1 + k)pi + α− kα)H˙
2(2 + k)2(4pi − α)(16pi + α)
ρ =
9H2(16(1 + 2k)pi + 3(1 + (−1 + k)k)α)− (2 + k)2(16pi + α)Λ + 3(2 + k)(5 + 3k)αH˙
2(2 + k)2(4pi − α)(16pi + α)
ξ = −
6(−1 + k)
(
3H2 + H˙
)
(2 + k)(16pi + α)
(36)
Consequently, the state parameter (EoS), ω = pρ yields to
ω = −1 +
12(4pi − α)
(
−3H2(−1 + k)k − (1 + k)(2 + k)H˙
)
9H2(16(1 + 2k)pi + 3(1 + (−1 + k)k)α)− (2 + k)2(16pi + α)Λ + 3(2 + k)(5 + 3k)αH˙
(37)
By considering the previous expressions of the pressure and energy density we can evaluat the following quantity
as
ρ+ p = −
6
(
3H2(−1 + k)k + (1 + k)(2 + k)H˙
)
(2 + k)2(16pi + α)
(38)
we can remark for α → 0, the usual ΛCDM model is recovered, consequently Consequently the pressure and EoS
parameter becomes p = −ρ and ω = −1. A model that describes an accelerating expanded phantom-like meets the
following requirements as H˙ > 0, t > 0 and hence the weak energy condition ρ+ p ≥ 0; ρ ≥ 0 is not satisfied. In view
of equation (38), the satisfaction of these conditions requires an appropriate choice of parameters k and α in order to
preserve the anisotropic nature of the universe.
By considering the General Relativity limit case α→ 0, the EoS parameter reads
ω = −1 +
−9H2(−1 + k)k − 3(1 + k)(2 + k)H˙
9H2(1 + 2k)− (2 + k)2Λ
. (39)
In the absence of a cosmological constant it yields
ω = −1 +−
3H2(−1 + k)k + (1 + k)(2 + k)H˙
3H2(1 + 2k)
. (40)
B. Isotropic case
We develop in this section, the isotropic model for k = 1. Therefore, the EoS parameter takes the form
ω = −1 +
8(−4pi + α)H˙
(16pi + α) (3H2 − Λ) + 8αH˙
(41)
In particular case i.e α→ 0 and Λ0 → 0, the EoS parameter yields to the FRW model
ω = −1−
2
3
H˙
H2
. (42)
Consequently, the weak energy condition in this case becomes
ρ+ p = −
4H˙
16pi + α
. (43)
This model responds perfectly to a model that describes an accelerating expanded phantom-like universe H˙ > 0
and w < −1.
7IV. RIP COSMOLOGIES
A. Little Rip
Little Rip model has been subject a renewed interest and interesting results have been obtained[65, 66]. We define
respectively the Hubble parameter and the scale factor as follows
H = H0e
λt, H0 > 0, λ > 0 (44)
a = a0 exp
[
H0
λ
(
eλt − eλt0
)]
. (45)
where a0 is evaluated scale factor at the current epoch t0.
By considering (31) and (27), we can deduce
A = a20e
2H0
λ (e
λt−eλt0) (46)
B = a
1
2
0 e
1
2
H0
λ (e
λt−eλt0) (47)
T = −
9
2
e2tλH20 . (48)
Thus, we can see that a inertial force is produced taking into account that the Hubble rate parameter increases
exponentially with time. A particle with mass m at a given point will be subject to an inertial force is given by
Frampton et al. (2012) of the form
Fi = ml (H
2 + H˙)
= ml (H20 e
2λt +H0 λ e
λt) (49)
We can remark the principal characteristic of the Little Rip model is the fact that for the time t → ∞, the inertial
force Fi → ∞. From (44), we can deduce respectively for the Little Rip model the deceleration parameter and the
jerk parameter
q = −1−
λ
H0
e−λt, (50)
j = 1 +
3λ
H0
e−λt +
(
λ
H0
)2
e−2λt. (51)
Its remark that this two parameters previous defined tend towards respectively to −1 and 1. The deceleration
parameter q evaluated at current epoch yields to
q0 = −1−
λ
H0
e−λt0 , (52)
which shows that q0 < −1. By considering the ΛCDM model, we remark that the jerk parameter evaluated at current
epoch yields to j0 = 1. However, by considering the Little Rip model, the jerk parameter evaluated at current epoch
yields to
j0 = 1 +
3λ
H0
e−λt0 +
(
λ
H0
)2
e−2λt0 . (53)
From (53), we can see jRP0 evaluated for Little Rip model greater than that j
ΛCDM
0 evaluated for ΛCDM model.
By considering H˙ = λH > 0, we determine EoS parameter ωLR for the LR model by replacing ((44)) into ( (37))
ωaLR = −1−
12etλ(4pi − α)H0
(
(1 + k)(2 + k)λ+ 3etλ(−1 + k)kH0
)
−(2 + k)2(16pi + α)Λ + 3etλH0 ((2 + k)(5 + 3k)αλ+ 3etλ(16(1 + 2k)pi + 3(1 + (−1 + k)k)α)H0)
(54)
From (54), its can see that the function ωLR depends on the anisotropic parameter k, the coupling constant α, the
parameters of the scale factors λ and H0. We evaluat this function respectively at an initial and epoch (t → 0) and
at a late phase (t→∞) as
W aLR(t→ 0) = −1−
12(4pi − α)H0 ((1 + k)(2 + k)λ+ 3(−1 + k)kH0)
−(2 + k)2(16pi + α)Λ + 3H0 ((2 + k)(5 + 3k)αλ+ (48(1 + 2k)pi + 9(1 + (−1 + k)k)α)H0)
(55)
8ωaLR(t→∞) = −1−
4(4pi − α)(−1 + k)k
16pi(1 + 2k) + 3α2(−1 + k)k
. (56)
The analysis EoS parameter for Little Rip model i.e (55) and (56) at an initial epoch reveal a phantom phase with
ωLR < −1 However The analysis at late phase shows that ωLR → −1.
Now, we can concern ourselves to isotropic case by looking at the behavior of ωLR for the little Rip model. Thus,
the EoS parameter becomes
ωiLR = −1−
8etλ(4pi − α)λH0
−(16pi + α)Λ + etλH0 (8αλ+ 3etλ(16pi + α)H0)
, (57)
which tends to −1 for t→∞. By considering the General Relativity case i.e α→ 0, the EoS parameter becomes
ω
i(GR)
LR = −1 +
2etλλH0
Λ− 3e2tλH20
. (58)
and for Λ ≃ 0, we obtain
ω
i(GR)
LR = −1−
2e−tλλ
3H0
. (59)
B. Pseudo Rip
Pseudo rip known through its phantom behaviour with no finite time singularity is characterized by a hubble
parameter defined by[66]
H = H0 −H1e
−λt, (60)
where H0, H1 and λ are positive constants with H0 > H1.
We can remark the principal characteristic of the Pseudo Rip model is the fact that for the time t→∞, a de Sitter
universe is recovered i.e H → H0. Furthermore, this model presents phantom behaviour i.e
H˙ = λH1e
−λt = λ(H0 −H) > 0 (61)
From (60), we can determine the scale factor as following
a = a0 exp
[
H0(t− t0) +
H1
λ
(
e−λt − e−λt0
)]
. (62)
By make using (31), we obtain
A = a20 e
2H1
λ (e
λt−eλt0)+2H0(t−t0) (63)
B = a
1
2
0 e
H1
2λ (e
λt−eλt0)+ 12 H0(t−t0) (64)
T = −
9
2
e−2tλ
(
− etλH0 +H1
)2
(65)
By make using (60), the inertial force for Pseudo Rip model is equal to
Fi = ml
(
λH1e
−λt + (H0 −H1e
−λt)2
)
(66)
In this case the inertial force is limited, i.e for the time t→∞, Fi → mlH
2
0 . From (60), we can deduce respectively
for the Pseudo Rip model the deceleration parameter and the jerk parameter
q = −1−
λH1e
−λt
(H0 −H1e−λt)
2 , (67)
j = 1−
λH1e
−λt
[
λ+ 3(H0 −H1e
−λt)
]
(H0 −H1e−λt)
3 . (68)
9Its remark easily at late epoch that this two parameters previous defined tend towards respectively to −1 and 1
but these parameters evaluated at initial epoch yields respectively
q(t→ 0) = −1−
λH1
(H0 −H1)
2
j(t→ 0) = 1−
λH1 [λ+ 3(H0 −H1)]
(H0 −H1)
3 (69)
On the other hand, we observe the singularities at
t = ln
(
H1
H0
) 1
λ
. (70)
By make using (61), we determine EoS parameter ωPR for the PR model by replacing ((60)) into ( (37)) The EoS
parameter for the PR model can be obtained as
W aPR(t) = −1 +
12(4pi − α)
(
−e−tλ(1 + k)(2 + k)λH1 − 3(−1 + k)k
(
H0 − e
−tλH1
)
2
)
−(2 + k)2(16pi + α)Λ + 3e−tλ(2 + k)(5 + 3k)αλH1 + 9(16(1 + 2k)pi + 3(1 + (−1 + k)k)α) (H0 − e−tλH1) 2
(71)
Thus, the EoS parameter for the Pseudo Rip model evaluated at an initial epoch (t → 0) and at a late phase
(t→∞) yields respectively
W aPR(t→ 0) = −1−
12(4pi − α)
(
3(−1 + k)kH20 − 6(−1 + k)kH0H1 +H1 ((1 + k)(2 + k)λ+ 3(−1 + k)kH1)
)
−(2 + k)2(16pi + α)Λ + 9(16(1 + 2k)pi + 3(1 + (−1 + k)k)α) (H0 −H1) 2 + 3(2 + k)(5 + 3k)αλH1
(72)
and at a late phase (t→∞)
ωaPR(t→∞) = −1−
36(4pi − α)(−1 + k)kH20
144(1 + 2k)piH20 + 27[1 + (−1 + k)k]αH
2
0 − (2 + k)
2(16pi − α)
. (73)
The analysis EoS parameter for Pseudo Rip model i.e (72) and (73) at an initial epoch reveal a phantom phase
with ωPR < −1 However The analysis at late phase shows that ωPR → −1. we can concern ourselves to isotropic case
by looking at the behavior of ωPR for the Pseudo Rip model. Thus, the EoS parameter becomes
W iPR(t) = −1−
72e−tλ(4pi − α)λH1
−9(16pi + α)Λ + 72e−tλαλH1 + 27(16pi + α) (H0 − e−tλH1) 2
(74)
which asymptotically tends to −1 for t → ∞. By considering the General Relativity case i.e α → 0, the EoS
parameter reads
ω
i(GR)
PR = −1−
2e−tλλH1
−Λ + 3 (H0 − e−tλH1) 2
. (75)
and Λ ≃ 0, we have
ω
i(GR)
PR = −1−
2etλλH1
3 (−etλH0 +H1) 2
. (76)
Easily, we remark that tjis model presents a ω-singularity for t = tω = ln
(
H1
H0
) 1
λ
when we consider General Relativity
case.
C. Emergent Little Rip
Nous presentons dans cette sous section un autre model propos par Mukherjee et al.[67] presentant un comportement
phantomique. Ce modle est caractris par un facteur d’chelle prsentant une solution mergante dfini par
10
a(t) = ai
(
ν + eµt
)γ
, (77)
with ai, µ, ν and γ are positive constants. Thus, we can deduce the Hubble parameter as
H(t) =
µγeµt
ν + eµt
. (78)
Note that for t → ∞, the scale factor a → ∞ and the Hubble parameter H → µγ. Thus, the de Sitter universe is
recovered. This model also presents phantom behaviour i.e
H˙ =
µγeµt
ν + eµt
[
µ−
1
γ
µγeµt
ν + eµt
]
= H
(
µ−
H
γ
)
> 0 (79)
pour des valeurs bien prcises des positive constants µ and γ.
By make using (31), we obtain
A = a20
(
ν + eµt
)2γ
(80)
B = a
1
2
0
(
ν + eµt
) γ
2 (81)
T = −
9 e2 tµ γ2µ2
2 (etµ + ν)
2 (82)
By make using (78) and (79), we can determine the inertial force for the emergent little rip model as following
Fi = ml
(
µγeµt
ν + eµt
[
µ−
1
γ
µγeµt
ν + eµt
]
+
µ2 γ2 e2µt
(ν + eµt)2
)
(83)
The deceleration parameter and the jerk parameter for this emergent little rip (ELR) model are obtained as
q = −1−
ν
γ
, (84)
j =
(
1−
3
γ
+
2
γ2
)
+
µ
H
+
µ(µ− 2/γ)
H2
. (85)
Its remark easily at late epoch that he deceleration parameter and the jerk parameter for this emergent little rip
model tend towards respectively to −1 and 1− 2γ +
1
γ2
[
2 + (µ−2/γ)µ
]
but these parameters evaluated at initial epoch
yields respectively
q(t→ 0) = −1−
λH1
(H0 −H1)
2
j(t→ 0) = 1 +
ν − 2
γ
+
1
γ2
[
2 +
(ν + 1)2(µ− 2/γ)
µ
]
(86)
By make using (61), we determine EoS parameter ωELR for the Emergent Little Rip model by replacing (78) into
(37) The EoS parameter for the ELR model can be obtained as
W aELR(t) = −1 +
(
12etµ(4pi − α)γµ2
(
3etµ(−1 + k)kγ + (1 + k)(2 + k)υ
))
/
(
e2tµ
(
(2 + k)2(16pi + α)Λ − 9(16(1 + 2k)pi + 3(1 + (−1 + k)k)α)γ2µ2
)
+ etµ(2 + k)
(
2(2 + k)(16pi + α)Λ − 3(5 + 3k)αγµ2
)
υ + (2 + k)2(16pi + α)Λυ2
)
(87)
From 87, we can evaluat the EoS parameter at a late epoch as following
ωELR(t→∞) = −1 +
12γµ2(4pi − α)[3(−1 + k)kγ]
(2 + k)2(16pi + α)Λ − 9[16(1 + 2k)pi + 3(1 + (−1 + k)k)α]γ2µ2
(88)
Now, from (87), we can evaluat the EoS parameter at a initial epoch as following
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W anisoELR (t→ 0) = −1 +−
12(4pi − α)γµ2(3(−1 + k)kγ + (1 + k)(2 + k)υ)
(1 + υ)2
(
−(2 + k)2(16pi + α)Λ + 9(16(1+2k)pi+3(1+(−1+k)k)α)γ
2µ2
(1+υ)2 +
3(2+k)(5+3k)αγµ2υ
(1+υ)2
) (89)
By make using of previous expressions, we obtain the EoS parameter for isotropic universe
W isoELR(t) = −1 +
8etµ(4pi − α)γµ2υ
e2tµ(16pi + α) (Λ − 3γ2µ2) + 2etµ (16piΛ+ α (Λ− 4γµ2)) υ + (16pi + α)Λυ2
(90)
which asymptotically approaches to −1 as t→∞.
By considering the limit of General Relativistic for α→ 0, we obtain
ω
iso(GR)
ELR = −1 +
2etµγµ2υ
e2tµ (Λ− 3γ2µ2) + 2etµΛυ + Λυ2
(91)
In absence of cosmological constant Λ ≃ 0, we obtain
ω
iso(GR)
ELR = −1−
2e−tµυ
3γ
. (92)
D. Bouncing with Little Rip
Bouncing with Little Rip has been subject an investigation by Myrzakulov and Sebastini [68]. The scale factor for
this model is given by
a(t) = a0e
(t−t0)
2n
, (93)
where a0 > 0 is the scale factor evaluated at the today time t0. This model is governed by a constant parameter n 6= 0
which shows the bouncing behaviour.
Thus, we can deduce the Hubble parameter for this model as following
H(t) = 2n(t− t0)
2n−1. (94)
It is clear that this model exhibits a behavior similar to little rip at late epoch. Taking the first derivative of we obtain
H˙ = 2n(2n− 1)(t− t0)
2n−2. (95)
which yields H˙ > 0 for n > 12 . For a exponent n assumes positive integral numbers, This model present a phantom
behaviour. condition is verified when the exponent n assumes positive integral numbers. Likewise, it note that this
model present a bouncing at t = t0 when the bouncing scale factor becomes a0. It is easily to remark for positive
integral values of n when t→∞, we obtain a→∞ and H →∞ . By make using (31), we obtain
A = a20 e
2(t−t0)
2n
(96)
B = a
1
2
0 e
1
2
(t−t0)
2n
(97)
T = −18n2(−t0 + t)
−2+4n (98)
By make using (94), the inertial force for the Bouncing with Little Rip model is equal to
Fi = ml
(
4n2 (t− t0)
2(2n−1) + 2n(2n− 1)(t− t0)
2n−2
)
(99)
From (94), we can deduce respectively for the Bouncing with Little Rip model the deceleration parameter and the
jerk parameter
q = −1−
2n− 1
2n(t− t0)2n
, (100)
j = 1 +
3(2n− 1)
2n(t− t0)2n
+
(n− 1)(2n− 1)
2n2(t− t0)4n
. (101)
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The deceleration parameter is a negative quantity for n > 12 and evolves to an asymptotic value of q = −1. The jerk
parameter evolves to j = 1 at late times.
For the BLR model we can calculate the EoS parameter as
W anisoBLR (t) = −1+
24n
(
−(1 + k)(2 + k)(−1 + 2n)− 6(−1 + k)kn(t− t0)2n
)
(t− t0)−2+2n(4pi − α)
6(2 + k)(5 + 3k)n(−1 + 2n)(t− t0)−2+2nα+ 36n2(t− t0)−2+4n(16(1 + 2k)pi + 3(1 + (−1 + k)k)α) − (2 + k)2(16pi + α)Λ
(102)
which asymptotically reduces to
ωBLR(t→∞) = −1 +
24n(4pi − α)[−6(−1 + k)kn]
36n2[16(1 + 2k)pi + 3(1 + (−1 + k)k)α]
(103)
W aBLR(t→ 0) = −1+
24n
(
−(1 + k)(2 + k)(−1 + 2n)− 6(−1 + k)kn(−t0)2n
)
(−t0)2(−1+n)(4pi − α)
6(2 + k)(5 + 3k)n(−1 + 2n)(−t0)2(−1+n)α+ 36n2(−t0)−2+4n(16(1 + 2k)pi + 3(1 + (−1 + k)k)α)− (2 + k)2(16pi + α)Λ
(104)
The EoS parameter for this BLR model in an isotropic universe can be expressed as,
W iBLR(t) = −1−
16n(−1 + 2n)(t− t0)2n(4pi − α)
16n(−1 + 2n)(t− t0)2nα+ 12n2(t− t0)4n(16pi + α)− (t− t0)2(16pi + α)Λ
(105)
which asymptotically approaches to −1 as t→∞. In the limit of GR with α→ 0
ω
iso(GR)
BLR = −1−
4n(−1 + 2n)(t− t0)2n
12n2(t− t0)4n − (t− t0)2Λ
. (106)
and Λ ≃ 0, we have
ω
iso(GR)
BLR = −1 +
(1− 2n)(t− t0)−2n
3n
. (107)
V. WORMHOLE SOLUTIONS AND BIG TRIP
The phenomenon called Big Trip is often observed when the size of the wormhole throat takes volume. This is due
to the fact a strong phantom energy buildup on the wormhole which can lead to an absorption of the whole universe
before the appearance of the rip phenomenon. Now, we will be interested in the determination of the wormhole throat
radius and his behaviour under the phantom energy accumulation. This wormhole throat radius is determined via
the following differential equation for the isotropic case with vanishing cosmological constant[69, 70]
R˙ = −C0R
2(ρ+ p). (108)
when C0 is a positive dimensionless constant.
A. I-Little Rip case
We determine the wormhole throat radius R(t) by combining ((43)) and ((44)) into (108)
1
RLR(t)
= C1 −
4C0e
tλH0
16pi + α
,
where C1 is an integration constant which is determined at big trip time as
C1 =
2C0
16pi + α
H0e
λtBig . (109)
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Thus, we can easily the wormhole throat radius
RLR(t) =
16pi + α
2C0H0
[
eλtBig − eλt
]−1
. (110)
We can also determine the Big Trip assuming that R(t0) = R0 through
tBig = ln
[
eλt0 +
16pi + α
2C0H0R0
] 1
λ
, (111)
which leads asymptotically to in General relativity α→ 0
tGRBig = ln
[
eλt0 +
8pi
C0H0R0
] 1
λ
. (112)
The difference between ((111)) and ((112)) reveal the importance of the coefficient α but especially the contribution
of the modified gravity theory in the process of Big Trip phenomenon.
For this Little Rip case, it is necessary to remark that the Big Trip phenomenon must realize when the following
condition is verified t = t0
R0 >
16pi + α
2C0H0
eλt0 . (113)
B. II-Pseudo Rip case
By analogy to the same previous method, we determine the wormhole throat radius for the Pseudo Rip case by
combining ((43)) and ((60)) into (108)
RPR(t) =
16pi + α
2C0H1
[
e−λt − e−λtB
]−1
. (114)
Thus, we can deduce the Big Trip time for the Pseudo Rip case as
tBig = ln
[
e−λt0 −
16pi + α
2C0H1R0
]− 1
λ
. (115)
As previously, the following condition will must verified at t = t0 for the realization of the Big Trip phenomenon
R0 >
16pi + α
2C0H1
eλt0 . (116)
In the limit of General Relativity, the Big Trip time becomes
tGRBig = ln
[
e−λt0 −
8pi
C0H1R0
]− 1
λ
, (117)
It note the effect of the coupling constant α through the equations ((115)) and ((117)).
C. III-Emergent Little Rip
We determine the wormhole throat radius for the Emergent Little Rip case by combining ((43)) and ((78)) into
(108) as following
RELR(t) =
16pi + α
2C0µνγ
[
1
ν + eµt
−
1
ν + eµtB
]−1
. (118)
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Thus, we can determine the Big Trip time for the Emergent Little Rip case
tBig = ln
[(
1
ν + eµt0
−
16pi + α
2C0µνγR0
)−1
− ν
] 1
µ
, (119)
which we deduce at the limit of General Relativity, the Big Trip time
tGRBig = ln
[(
1
ν + eµt0
−
8pi
C0µνγR0
)−1
− ν
] 1
µ
, (120)
and the condition to be satisfied so that produces the Big Trip phenomenon
R0 >
(16pi + α)(ν + eµt0)
2C0µνγ
(121)
and
R0 <
ν(16pi + α)
2C0µνγ [ν − (ν + eµt0)]
. (122)
D. IV-Bouncing with Little Rip case
By combining ((43)) and ((94)) into (108), We determine respectively the wormhole throat radius and the Big Trip
time for the Bouncing with Little Rip case as following
RBLR(t) =
16pi + α
4C0n
[
(tB − t0)
2n−1
− (t− t0)
2n−1
]−1
, (123)
and
tB = t0 +
[
(t1 − t0)
2n−1
+
16pi + α
4C0nR1
] 1
2n−1
. (124)
We deduce at the limit of General Relativity, the Big Trip time
tB = t0 +
[
(t1 − t0)
2n−1
+
16pi
4C0nR1
] 1
2n−1
. (125)
where R(t1) = R1
VI. CONCLUSION
In this paper, some phantom models without any Big Rip singularity at finite time have been subject of an
investigation in the context of f(T, T ) theory of gravity, where T denotes the torsion and T is the trace of the energy-
momentum tensor. These phantom cosmological models revealed that at initial epoch a EoS parameter ω < −1 and
tends asymptotically at late phase to −1 (ω → −1). These models are seems to that of Little Rip models where
it remark that for the time t → ∞, a de Sitter universe is recovered i.e H → H0. Four different phantom models
have been investigated where we focused on anisotropic and isotropic universe. We found that the coupling constant
change dynamically the behaviour of EoS parameter.
In addition to his studies, Some wormhole solutions have been obtained for these Four different phantom models.
We have also determined for these phantom models, the wormhole throat radius, the Big Trip time and we have
discussed we discussed about the conditions to be satisfied so that the Big Trip phenomenon occurs. It should be
15
noted, as previously that the coupling constant of f(T, T ) theory of gravity affect the Big Trip time when passing the
boundary of the General Relativity.
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